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Abstract
In a previous article [1], we have argued that Low’s sub-leading soft photon theorem
can be recovered as a Ward identity associated to the same large gauge transformations
that control the leading piece of the theorem. The key for that was to link the energy
expansion displayed in the soft theorem to a 1
r
expansion that we can perform in the
associated asymptotic charge. We expect this idea to be valid in general, and here we
provide compelling evidence for it by showing how the same method works in the case
of Einstein-Hilbert gravity. More precisely, we are able to derive the three orders of the
tree-level soft graviton theorem simply from the BMS supertranslation charge, known to
give rise to the leading soft graviton theorem. In particular, we do not need to invoke
superrotations (nor extended superrotations) at any point of the argument.
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1 Introduction
In the last few years there has been a renewed interest on soft theorems. Although the latter
were first investigated long time ago [2–4] and they are well established in phenomenological
applications, the new enthusiasm comes from a more theoretical side. While from this second
perspective there are many reasons to like soft theorems,1 arguably the jumpstarting source
of fuel for the recent activity can be considered the connection between soft theorems and
symmetries at null infinity, proposed by Strominger in 2013 [8,9]. Since then, this connection
has accumulated considerable evidence in its favor, as we briefly overview below.
Historically, the two best studied examples of soft theorems are found in the four-dimensional
processes where a soft photon or a soft graviton, with momentum q → 0, is emitted in a scat-
tering process. Such a process can involve any other particle, as long as it is minimally
coupled (otherwise the original soft theorems must be slightly modified [10]) to the photons
or gravitons. Soft theorems can then be thought as factorization properties that scattering
amplitudes must obey in a low-energy expansion:
Mn+1
(
p1, . . . , pn, q
)
=
(
S(0)
Eq
+ · · · + Es−1q S(s)
)
Mn(p1, . . . , pn) +O(Esq ) , (1)
where Eq and s are the energy and spin of the emitted boson. For s = 1, 2, soft theorems
display several orders in the energy Eq of the emitted boson. Since actually Mn only has
1 For instance one can classify and reconstruct all tree-level scattering amplitudes of a large class of scalar
theories [5], or more generically establish various constraints on effective actions of theories displaying sponta-
neous symmetry breaking [6]. More conjecturally, particular soft behaviors of a theory may be related to its
scattering amplitudes having a Cachazo-He-Yuan representation [7].
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support in Eq = 0, a convenient way of rewriting the different orders in (1) is as
lim
Eq→0
∂kEqEqMn+1 = k!S
(k)Mn . (2)
It is customary to talk about several soft theorems, one per each order k = 0, . . . , s .
Regarding the leading order, both the soft photon and graviton theorems start at O(E−1q ),
a reflection that their interactions are long-ranged. At this order, soft factorization is known
to be non-renormalized [3], suggesting the existence of some underlying symmetry preserved
at quantum level. Along this line, what Strominger proposed in [8, 9] was that these soft
theorems could be rewritten as Ward identities of certain asymptotic (broken) symmetries.
More particularly, a class of residual gauge transformations for Maxwell theory would be
behind the soft photon theorem, while in the case of Einstein-Hilbert gravity the constraints
on emission of soft gravitons would come from the so-called supertranslations, which form
the Abelian ideal part of the Bondi-Metzner-Sachs (BMS) transformations [11–13]. This
proposal was notably checked to be true in subsequent works, namely [14] (see also [15]) for
soft photons, and [16] (see also [17]) for soft gravitons. Let us mention here that a successful
connection also exists for the case of soft gluons [18], which from the perspective of scattering
amplitudes behave similarly to soft photons, although their non-Abelian nature makes their
story richer. Historically this case has attracted less attention because of the infrared nature
of Yang-Mills theory, where free gluons cannot be observed.
Regarding the sub-leading orders, in our opinion the status of the connection has not been
completely settled. Staying at tree level (we comment on loop level below), the soft graviton
theorem stretches to sub-sub-leading order [19] (see [20] for earlier, more restricted, versions).
As originally motivated by [19], there have been several attempts [21, 22] to link the sub-
leading order to an extension of the BMS group proposed by Barnich and Troessaert [23–26],
who enlarged it with the so-called superrotations, a class of asymptotically-flat-preserving
diffeomorphisms that extend the quotient part of BMS/supertranslations. But actually, the
asymptotic symmetries which are used in [21] (and later in [22]) are not superrotations,2 but
a sort of generalization thereof, which actually do not preserve the asymptotic flatness con-
dition. The authors in [28] have recently proposed another set of asymptotic transformations
presumably responsible for the sub-sub-leading soft graviton theorem, but some aspects of this
proposal are unclear, among them again the issue of the transformations violating asymptotic
flatness.
In this paper, we propose a consistent picture for both sub- and sub-sub-leading soft
graviton theorems following from supertranslations, in particular with no need of invoking
superrotations, nor the extended superrotations just mentioned above. The picture we want
to advocate is one that we have recently used for Low’s sub-leading soft photon theorem [1].3
The intuitive idea is the following: sub-leading orders of the soft factorization in the energy
Eq should correspond, in the bulk, to exploring the structure of null infinity at sub-leading
orders in the inverse radial coordinate, 1
r
. Let us be a bit more explicit.
2 Earlier in [27] the sub-leading soft graviton theorem was recovered from twistor-string-like constructions,
but the connection to the superrotations of [23–26] is not completely clear to us.
3 We note here that, using ideas similar to those presented in [28], the authors there also have a proposal
regarding the sub-leading soft photon theorem [29], suggesting that it should be rewritten as the Ward identity
of certain divergent large gauge transformations (namely proportional to r). Apart from the issue of the
divergence, the nature of such transformations is uncertain since they break the required gauge condition.
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Assume that one can rewrite a given soft theorem as
〈out|Qout −Qin|in〉 = 0 ⇔ 〈out|QoutNL −QinNL|in〉 = −〈out|QoutL −QinL |in〉 , (3)
where the charge Q is “broken”, and therefore can be decomposed into linear and non-linear
pieces: Q = QL +QNL. The non-linear piece creates a zero-frequency boson when acting on
the vacuum, so that the equation on the right of (3) becomes the soft theorem (1). If the
charge Q can be associated to an asymptotic symmetry, classically we will be able to write it
as an integral at null infinity of a certain combination of physical fields,
Q =
∫
I+
dzdz¯duC(ϕphys) . (4)
Studying the classical phase space of the theory, we can solve the equations of motion in a 1
r
expansion once boundary data has been specified. Thus physical fields can be expanded in
such a way, and we can also formally expand the charge as
Q = Q(0) +
Q(1)
r
+
Q(2)
r2
+ · · · . (5)
Then, we can convert the Ward identity (3) into several ones, one at each 1
r
order. Actually,
since we want to evaluate the integrals at r =∞, for the sub-leading orders it is better to use
the expression
Q(n) =
1
n!
∫
I+
dzdz¯du lim
1
r
→0
[
∂n
∂(1
r
)n
C(ϕphys)
]
. (6)
We can then better notice the resemblance of 〈out|Q(n),out − Q(n),in|in〉 = 0 with the form of
sub-leading soft theorems in (2), which involve taking derivatives in Eq. In this way, the Eq
expansion of the soft theorem (1) should be matched with the 1
r
expansion of the charge (5).
But there is a catch in this game. Although the expansion in (5) contains an infinity
of orders and we would seemingly get an infinite number of sub-leading soft theorems, only
a finite number of these makes sense. There is only a finite number of boundary fields,
defined as the leading (in 1
r
) orders of the field-strength and Weyl tensor in gauge theory and
gravity respectively. We use the prescription that only these boundary fields “live at infinity”,
therefore the sub-leading Ward identities are physical only when taking the derivatives in (6)
generate just boundary fields. The number of times this happens depends on the theory, and
it precisely turns out that according to this criterium we can take one derivative in gauge
theory and two for gravity. We will later give a less hand-wavy argument for why this is the
case.
The strategy described above has been proven successful for showing how the sub-leading
soft photon theorem follows from the leading one [1]. In what follows we give further sup-
porting evidence for this idea by showing how it also perfectly works in the case of the soft
graviton theorem, which displays two sub-leading orders.
To be more precise, let us clarify that we do not work out the most general instance of
the soft graviton theorem. Although the idea that we present should be valid for any setup,
we focus on the particular case of scalar massless matter coupled to linearized gravity. By
linearized gravity we mean, in terms of Feynman diagrams, that we only consider vertices
where a graviton couples to two scalars. The graviton three-point vertex is left out in order to
4
simplify the form of the stress-energy tensor, which otherwise would contain many non-linear
terms coming from the graviton self-interaction. From a spectator at null infinity, massless
matter is just simpler to deal with than massive matter, and the generalization to massive
matter has already been considered in the literature [17]. Whether the matter is scalar or
has spin would only change the form of the corresponding stress-energy tensor and make the
action of the soft factors on amplitudes a bit more involved, which would just add technical
difficulty.
Since our framework is based on a classical analysis of the equations of motion, we expect
to reproduce just tree-level results. However we will see that, even classically, at sub-sub-
leading order there is an ambiguity that we cannot fix, namely certain terms that can appear
in the Q(2) of (5). At loop level, if one neglects IR corrections connected to collinear singulari-
ties [30], the loop corrections to the soft graviton theorem are expected only at sub-sub-leading
order [31,32]. We believe that this is not a coincidence, as we will comment in the final part
of the manuscript.
The plan of the paper is as follows. In Section 2 we discuss in detail the classical phase
space of linearized general relativity, solving the equations of motion in a 1
r
expansion. In
that section we derive the expansion (5) for the supertranslation charge that we later use in
Section 3 to match with the soft graviton theorem. After discussing some of the implications
and future directions of our work, we complete the article with three appendices which detail
some passages of the text.
2 Linearized gravity theory
A crucial step to recast symmetries at null infinity as S-matrix relations is the identification
of symmetries at future null infinity I+ with symmetries at past null infinity I− [9]. Such
identification was shown to be allowed only in the so-called Christodoulou-Kleinerman spaces
[33], as for instance a finite neighborhood of Minkowski space. This issue is related to the
stability of spacetimes. Though the study of symmetries at both null infinities is very well
developed, whether we can obtain from them a symmetry of the S-matrix in the full Einstein
gravity theory is still debatable. In contrast, the linearized gravitational theory on a fixed
spacetime background, i.e. Minkowski space, provides a well defined system that allows
us to explore the connection between soft graviton theorems and symmetries at null infinity
without any subtlety. We will illustrate our main results only at future null infinity throughout
this paper; the counterpart of past null infinity and the identification can be given easily
following [9].
To work with physical fields at future null infinity I+, it is usually convenient to adopt
retarded coordinates:
ds2 = ηµνdx
µdxν = −du2 − 2dudr + 2r2γzz¯ dzdz¯ , (7)
where γzz¯ =
2
(1+zz¯)2 . This will be the background spacetime we are about to linearize the full
Einstein theory around: gµν = ηµν + hµν . The non-zero connection coefficients associated to
(7) are
Γuzz¯ = rγzz¯ , Γ
r
zz¯ = −rγzz¯ , Γzrz =
1
r
, Γzzz = ∂z ln γzz¯ , Γ
z¯
z¯z¯ = ∂z¯ ln γzz¯ . (8)
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Consequently, the Pauli-Fierz equations should be organized in a covariant way:
Eµν ≡ ∇µ∇νh+∇τ∇τhµν −∇τ∇µhντ −∇τ∇νhµτ − ηµν(∇τ∇τh−∇τ∇ρhτρ) = Tµν , (9)
where Tµν is a generic conserved stress-energy tensor and h = η
µνhµν . All the indices should
be lowered and raised with η. Notice that we are using natural units where 8πGN = 1 .
We will work in the Newman-Unti gauge [34], for which
hrr = hrz = hrz¯ = hru = 0 . (10)
We believe that this choice is more convenient than the Bondi gauge in practice. In the
full Einstein theory, the Newman-Unti gauge is connected to the Bondi gauge by a radial
transformation [35]. Hence, the gauge condition we are using here is definitely equivalent
to the one adapted from Bondi gauge in [36] recently. Those two ansätze are connected by
a trivial gauge transformation. To preserve asymptotic flatness, one needs to require the
following asymptotic behaviors for the linearized fields:
huu = O(r−1) , huz = O(1) , huz¯ = O(1) , hzz = O(r) , hz¯z¯ = O(r) , hzz¯ = O(1) . (11)
2.1 Asymptotic symmetries
Let us first discuss what are the asymptotic symmetries of the linearized gravity theory. We
know that this theory is invariant under the gauge transformation δhµν = ∇µǫν +∇νǫµ. We
are interested in the residual gauge transformations that preserve the conditions
δǫhrr = δǫhrz = δǫhrz¯ = δǫhru = 0 , (12)
δǫhuz = O(1) , δǫhuz¯ = O(1) , δǫhzz = O(r) ,
δǫhz¯z¯ = O(r) , δǫhzz¯ = O(1) , δǫhuu = O(r−1) .
(13)
The general solution of ǫ to the gauge condition (12) is

ǫr = −f(u, z, z¯) ,
ǫz = r
2Y¯ (u, z, z¯)− r ∂zf ,
ǫz¯ = r
2Y (u, z, z¯)− r ∂z¯f ,
ǫu = r ∂uf −X(u, z, z¯) ,
(14)
where f,X, Y are arbitrary functions. The first and second equations of (13) imply that
∂uY¯ (u, z, z¯) = 0 = ∂uY (u, z, z¯). The third and fourth ones require that ∂z[Y¯ (z, z¯)γ
−1
zz¯ ] = 0
and ∂z¯[Y (z, z¯)γ
−1
zz¯ ] = 0. Hence, Y¯ (z, z¯) = Y¯ (z¯)γzz¯ and Y (z, z¯) = Y (z)γzz¯ . The fifth one
determines X = f + 1
γzz¯
∂z∂z¯f and ∂uf =
1
2γzz¯
[∂z(Y γzz¯)+ ∂z¯(Y¯ γzz¯)]. The last one imposes no
further constraint on ǫ. The residual gauge transformation can be finally written as
ǫµ =
[
r ∂uf − f − γ−1zz¯ ∂z∂z¯f , −f , −r ∂zf + r2γzz¯ Y¯ (z¯) , −r ∂z¯f + r2γzz¯ Y (z)
]
, (15)
where f = f(z, z¯)+ u2γzz¯ [∂z(Y γzz¯)+∂z¯(Y¯ γzz¯)]. It may be more convenient to have the residual
gauge transformation in vector form by raising the index with ηµν :
ǫµ =
[
f , −r ∂uf + 1
γzz¯
∂z∂z¯f , Y − ∂z¯f
rγzz¯
, Y¯ − ∂zf
rγzz¯
]
. (16)
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We have thus established the form of the residual gauge transformations of the linearized
theory. The vectors ǫµ are therefore asymptotic Killing vectors of the background Minkowski
spacetimes. They are exactly the same as the BMS vectors found in [24] when the solution
metric is chosen as the Minkowski spacetimes ηµν .
The symmetry algebra is defined through [δǫ1 , δǫ2 ]hµν = δ[ǫ1,ǫ2]lhµν . One can check easily
that in the linearized case, the asymptotic symmetry algebra is not the standard Lie algebra
between vectors, but an Abelian algebra such that [ǫ1, ǫ2]l = 0 where the subscript “l” denotes
the algebra in linearized theory. This is another effect of linearization.
2.2 The solution space for linearized gravity theory coupled to generic
matter fields
In this section, we want to solve the equations of motion in a 1
r
expansion around future null
infinity. To do that, we start with the arrangement of the equations of motion (9). As we are
dealing with a gauge theory, not all the equations of motion are independent. The constraints
among them are inherited from the Bianchi identity of the full Einstein theory, which can be
written as ∇µ(Eµν − T µν) = 0. Taking into account such constraints, we are able to arrange
the ten equations of motion as follows:
• Four hypersurface equations:
Erµ = Trµ . (17)
• Two standard equations:
Ezz = Tzz , Ez¯z¯ = Tz¯z¯ . (18)
• One trivial equation:
Ezz¯ = Tzz¯ . (19)
• Three supplementary equations:
Euz = Tuz , Euz¯ = Tuz¯ , Euu = Tuu .(20)
The advantage of such arrangement is well explained in the literature [11,12,24]. We will set all
the radial components of the stress-energy tensor Trµ to zero to adapt to our gauge condition
(10). This can be done by using the ambiguities of a conserved stress-energy tensor. The
details are given in Appendix A. To preserve asymptotic flatness, the remaining components
of the stress-energy tensor should have the following asymptotic behaviors:
Tuu = O(r−2) , Tuz = O(r−2) , Tuz¯ = O(r−2) ,
Tzz = O(r−2) , Tz¯z¯ = O(r−2) , Tzz¯ = O(r−2) .
(21)
Now we are ready to solve out the solution space of the linearized theory. We begin with the
hypersurface equation Err = 0. We find that
Err =
2∂2r (
hzz¯
r
)
rγzz¯
. (22)
Because of the boundary condition hzz¯ = O(1), this will yield hzz¯ = 0 . The rz-component
of the equations of motion can be rewritten as
Erz =
1
r2
∂r
[
r4∂r
(
huz
r2
)]
− 1
γzz¯
∂z¯∂r
(
hzz
r2
)
+ ∂z∂r
(
hzz¯
r2γzz¯
)
. (23)
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Once hzz¯ = 0 has been imposed, from Erz = 0 we get
huz =
2
√
γzz¯ Ψ
0
1(u, z, z¯)
3r
+
r2
γzz¯
∂z¯
∫ ∞
r
dr′
r′4
∫ ∞
r′
dr′′ r′′2∂r′′
(
hzz
r′′2
)
, (24)
where 2
√
γzz¯ Ψ
0
1(u, z, z¯) is an integration constant respect to r, and the notation has been
chosen to make contact with the result of Newman and Penrose [37]. To avoid logarithmic
terms, one has to accept a gap in the expansion of hzz, namely hzz = O(r) +O(r−1). Loga-
rithmic terms would break the expansion in 1
r
and lead to a new type of expansion which is
called polyhomogeneous expansion [38], involving both an expansion in 1
r
and in ln r. On the
other hand, it is amusing to see that the gauge transformation (15) does not affect the O(1)
order of hzz. Hence, this gap does not give further constraints on the asymptotic symmetry
vectors ǫµ.
Simply swapping z by z¯, from Erz¯ = 0 one can get
huz¯ =
2
√
γzz¯ Ψ
0
1(u, z, z¯)
3r
+
r2
γzz¯
∂z
∫ ∞
r
dr′
r′4
∫ ∞
r′
dr′′ r′′2∂r′′
(
hz¯z¯
r′′2
)
, (25)
We continue with Eru = 0, which yields
Eru = − 2
r2
∂r (rhuu) +
1
r4γzz¯
[
∂r
(
r2∂z¯huz
)
+ ∂r
(
r2∂zhuz¯
)]
− 1
r4γzz¯
[
∂z¯
(
∂z¯hzz
γzz¯
)
+ ∂z
(
∂zhz¯z¯
γzz¯
)]
+
2
r4γzz¯
[
hzz¯ + ∂z∂z¯
(
hzz¯
γzz¯
)]
+
2
rγzz¯
∂r
(
∂rhzz¯
r
)
− 2
r2γzz¯
∂u∂rhzz¯. (26)
By inserting the solution of hzz¯ and huz, one obtains
huu =
M(u, z, z¯)
r
− 1
2rγzz¯
∂z¯
∫ ∞
r
dr′
r′2
[
∂r′
(
r′2huz
)
− ∂z¯hzz
γzz¯
]
− 1
2rγzz¯
∂z
∫ ∞
r
dr′
r′2
[
∂r′
(
r′2huz¯
)
− ∂zhz¯z¯
γzz¯
]
, (27)
where M(u, z, z¯) is another integration constant.
When all the four hypersurface equations are satisfied, the trivial equation will be satisfied
automatically. We now turn to the standard equations. Suppose that hzz, hz¯z¯ and the non-
vanishing components of the stress-energy tensor are given as initial data in the following
way:
hzz = 2γzz¯σ
0(u, z, z¯)r +
Ψ¯00(u, z, z¯)γzz¯
3r
+
∞∑
m=1
Ψ¯
(m)
0 (u, z, z¯)γzz¯
rm+1
, (28)
hz¯z¯ = 2γzz¯σ
0(u, z, z¯)r +
Ψ00(u, z, z¯)γzz¯
3r
+
∞∑
m=1
Ψ
(m)
0 (u, z, z¯)γzz¯
rm+1
, (29)
Tµν =
T 0µν(u, z, z¯)
r2
+
∞∑
m=1
T
(m)
µν (u, z, z¯)
rm+2
. (30)
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Inserting these expansions into (24)-(27), we arrive at
huz =
√
γzz¯ ðσ
0 +
2
√
γzz¯Ψ
0
1
3r
−
√
γzz¯ðΨ
0
0
4r2
−
∞∑
m=1
(m+ 3)
√
γzz¯
(m+ 1)(m+ 4)
ðΨ
(m)
0
rm+2
, (31)
huz¯ =
√
γzz¯ ðσ
0 +
2
√
γzz¯Ψ
0
1
3r
−
√
γzz¯ðΨ
0
0
4r2
−
∞∑
m=1
(m+ 3)
√
γzz¯
(m+ 1)(m+ 4)
ðΨ
(m)
0
rm+2
, (32)
huu =
M
r
− ðΨ
0
1 + ðΨ
0
1
3r2
+
ð2Ψ
0
0 + ð
2
Ψ00
12r3
+
∞∑
m=1
1
(m+ 1)(m+ 4)
ð2Ψ
(m)
0 + ð
2
Ψ
(m)
0
rm+3
, (33)
where ð and ð are derivative operators originally introduced in [39] to replace the covariant
derivatives on a sphere. We believe they are a more convenient choice for the calculation on
null infinity, which has topology S2 × R. The definition plus some useful properties of ð and
ð are listed in Appendix B.
The standard equation Ezz = Tzz, that is recast as
−2r∂u∂r hzz
r
+ 2γzz¯∂z
∂rhuz
γzz¯
+ r∂2r
hzz
r
= Tzz , (34)
controls the time evolution of the initial data hzz, except the leading order σ
0. Following the
terminology of [11], we refer to σ˙
0
as a news function. There is another news function, σ˙0,
from the counterpart in Ez¯z¯ = Tz¯z¯. The precise information that is extracted from (34) is:
∂uΨ
0
0 = ðΨ
0
1 +
3
4γzz¯
T 0z¯z¯ , (35)
∂uΨ
1
0 =
T 1z¯z¯
3γzz¯
− 1
3
(ððΨ00 + 2Ψ
0
0) , (36)
∂uΨ
m+1
0 =
Tm+1z¯z¯
(m+ 3)γzz¯
− 2(m+ 2)
(m+ 1)(m+ 4)
(
ððΨm0 +
(m+ 1)(m + 4)
2
Ψm0
)
. (37)
The supplementary equations are much simplified once all the hypersurface equations and
standard equations are satisfied, due to the existence of the Bianchi identity. As is well
explained in [11,12,24], only one order in the expansion of the supplementary equations will
be left to solve. At last, the supplementary equations fix the time evolution of the integration
constants as
∂uM = ð
2σ˙
0
+ ð
2
σ˙0 +
1
2
T 0uu , (38)
∂uΨ
0
1 =
1
2
ðM +
1
2
(ð3σ0 − ðð2σ0) + 1
2
√
γzz¯
T 0uz¯ , (39)
We can reorganize the time evolution equations by solving M = M0(z, z¯) + ð
2σ0 + ð
2
σ0 +
1
2
∫
du TMuu . Define Ψ
0
2 = ð
2σ0 + 12 (M0 +
1
2
∫
du TMuu). Hence
M = Ψ02 +Ψ
0
2 ,
∂uΨ
0
2 = ð
2σ˙
0
+
1
4
T 0uu , (40)
∂uΨ
0
1 = ðΨ
0
2 +
1
2
√
γzz¯
T 0uz¯ . (41)
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The action of the asymptotic symmetries on the solution space is quite simple in the
linearized case:
δσ0 = −ð2f(z, z¯)− u
2
ð
3Y , δσ0 = −ð2f(z, z¯)− u
2
ð
3Y , (42)
δΨ0a = 0 , a = 0, 1, 2 , δΨ
m
0 = 0 , m = 1, 2, · · · , (43)
Y = Y¯ (z¯)√γzz¯ , Y¯ = Y (z)√γzz¯ ,
where f(z, z¯) defines the supertranslation and Y, Y¯ define superrotation transformation on
the phase space respectively. This can be understood easily from a physical interpretation.
In Newman-Penrose formalism, all the Ψs in the solution space are components of the Weyl
tensor. They are the analogue of the field strength in electromagnetism which are invariant
under gauge transformations. Hence (33) yields
δhuu = 0 . (44)
2.3 The asymptotic conserved charges
Although associating conserved charges to asymptotic symmetries is a well-established issue
[40], how to extend those charges to the next-to-leading orders is quite a tricky question [41].
In practice, Newman and Penrose have demonstrated in [37] how to construct conserved
quantities at each order of a series expansion in 1
r
. A very short review of the relevant results
is given in Appendix C. Remarkably, in our metric formalism, all the conserved quantities
constructed by Newman and Penrose can be unified in a very simple and elegant form which
is given by
Q =
∫
dzdz¯ γzz¯ r f(z, z¯)huu . (45)
The charge can be defined at any cross section of I+. Inserting the 1
r
expansion of huu,
written in (33), into this charge gives an expansion like (5):
Q =
∫
dzdz¯ γzz¯ f(z, z¯)
[
Ψ02 +Ψ
0
2 −
ðΨ
0
1 + ðΨ
0
1
3r
+
ð2Ψ
0
0 + ð
2
Ψ00
12r2
+
∞∑
m=1
1
(m+ 1)(m + 4)
ð2Ψ
(m)
0 + ð
2
Ψ
(m)
0
rm+2
]
. (46)
To recover the Newman-Penrose conserved quantities, one just need to identify f(z, z¯) with
certain spin-s spherical harmonics (given in Appendix B). More precisely, putting for example
f(z, z¯) = 0Y0,0 yields
Q(0) =
∫
dzdz¯ γzz¯ 0Y0,0 (Ψ
0
2 +Ψ
0
2), (47)
which is the Bondi mass (105), and
Q(1) = −1
3
∫
dzdz¯ γzz¯ 0Y0,0
(
ðΨ
0
1 + ðΨ
0
1
)
, (48)
Q(2) =
1
12
∫
dzdz¯ γzz¯ 0Y0,0
(
ð
2Ψ
0
0 + ð
2
Ψ00
)
, (49)
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which are the two identically vanishing quantities (108) and (109). Instead f(z, z¯) = 0Ym+1,l
yields
Q(m) = −
∫
dzdz¯ γzz¯ 0Ym+1,l (
ð2Ψ
(m)
0 + ð
2
Ψ
(m)
0
rm+2
) , (m > 2) , (50)
which correspond to the new conservation laws (107). Indeed to recover (107), one just needs
to perform an integration by parts twice.
A common observation of asymptotic conserved charges is that they should be some gen-
eralizations of exact conserved charges. Indeed, the supertranslation charge
Qst =
∫
dzdz¯ γzz¯ f(z, z¯)
(
Ψ02 +Ψ
0
2
)
, (51)
explored in [16, 26, 42] is a generalization of the Bondi mass (47). It is amusing to see that
the supertranslation charge (51) is just the leading term of (45). Hence it is reasonable to
propose that (45) also gives the next-to-leading orders of the asymptotic conserved charges.
The Poisson bracket of the surface charges can be extended to next-to-leading orders now.
It is obvious that the charge algebra is Abelian
{Qst, Qst′} = 0 , (52)
since δhuu = 0. This should not be surprising in a linearized theory. Using the Poisson
bracket, one gets the action of the charge on the phase space of radiative modes
{Qst, σ0} = −ð2f(z, z¯), {Qst, σ0} = −ð2f(z, z¯) . (53)
Let us make manifest the first three orders of the charge (45) at I+− , needed for recovering
the soft graviton theorem in the next section. To that end, we insert the time evolution
constraints (40), (41) and (35) as well as the modified stress-energy tensor of complex scalar
fields (99) as follows:
• Leading charge:
Q(0) =
∫
I+−
dzdz¯ γzz¯ f
(
Ψ
0
2 +Ψ
0
2
)
=
∫
I+
dzdz¯du γzz¯ f
(
ð
2σ˙
0
+ ð
2
σ˙0 +
1
2
(∂uφ) (∂uφ)
)
.
(54)
• Sub-leading charge:
−Q(1) = 1
3
∫
I+−
dzdz¯ γzz¯
(
ðf Ψ
0
1 + ðf Ψ
0
1
)
=
1
6
∫
I+
dzdz¯du γzz¯
[
− 1
2
√
γzz¯
ðf
(
φ∂z¯∂uφ+ φ∂u∂z¯φ
)
− 1
2
√
γzz¯
ðf
(
φ∂u∂zφ+ φ∂u∂zφ
)
+ uððf (∂uφ)(∂uφ) + 2uððf
(
ð
2σ˙
0
+ ð
2
σ˙0
) ]
.
(55)
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• Sub-sub-leading:
Q(2) =
1
12
∫
I+−
dzdz¯
(
ð
2f Ψ
0
0 + ð
2
f Ψ00
)
,
=
1
48
∫
I+
dzdz¯du
[
3γ−1zz¯
(
ð
2f∂zφ∂zφ+ ð
2
f∂z¯φ∂z¯φ
)
+
2u√
γzz¯
(
ðð
2f
(
−1
2
φ∂u∂zφ− 1
2
φ∂u∂zφ
)
+ ðð
2
f
(
−1
2
φ∂u∂z¯φ− 1
2
φ∂u∂z¯φ
))
+u2
(
ð
2
ð
2
f (∂uφ)(∂uφ)
)
+ 2u2
(
ð
2
ð
2
f
(
ð
2σ˙
0
+ ð
2
σ˙0
))
− 2√
γzz¯
(
ðð
2f Az¯ + ðð
2
f Az
)
+ 2u2ð2ð
2
f Ar . (56)
In order to derive these expressions we have integrated by parts in several occasions, assuming
that lim|u|→∞ φ(u, z, z¯) = 0 and lim|u|→∞Aµ(u, z, z¯) = 0. These are necessary conditions for
the field configurations that revert to vacuum at I+± .
In the sub-sub-leading charge (56) we see two arbitrary r-integration constants, Az and Ar,
showing up. They appear naturally in the modified stress-energy tensor (99), but miraculously
they cancel out of the leading and sub-leading charge. We postpone commenting more on
this curious fact to the next sections.
3 Matching the soft theorem
As announced in the introduction, in this section we show how to recover the three orders of
the tree-level soft graviton theorem as Ward identities of supertranslations. In the previous
section we have laid out the form of the leading, sub- and sub-sub-leading supertranslation
charges, namely equations (54)-(56). As in [1], we want to plug these charges in (3) and
rewrite the ensuing expressions in the more familiar amplitude form of soft theorems. We
proceed order by order.
3.1 Leading order
Let us start by stating the leading soft graviton theorem. Depending on the helicity of the
emitted soft graviton we can say that we have two soft theorems:
M±n+1(p1, . . . , pn, q) =
n∑
k=1
(pk · ǫ±(q))2
pk · q Mn(p1, . . . , pn) +O(q
0) . (57)
In the numerator of the soft factor we could have written more generally pµkp
ν
kǫ
±
µν(q). Since the
graviton is a symmetric and traceless representation, we can take the graviton polarization
tensor to be the product of two photon polarization vectors: ǫ±µν(q) = ǫ±µ (q)ǫ±ν (q). Notice
also that, opposite to the soft photon theorem, no coupling constant shows up. Because of
the equivalence principle, the coupling constant is the same for all legs, and is set to 1 in our
units.
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The first step is to translate (57) into spherical retarded coordinates (7). Let us collect
here all the ingredients needed for this process:
qµ =
Eq
1 + ww¯
(1 + ww¯,w + w¯, i(w¯ − w), 1 − ww¯) , (58)
p(k)µ =
Ek
1 + wkw¯k
(1 + wkw¯k, wk + w¯k, i(w¯k − wk), 1− wkw¯k) , (59)
ǫ−µ (q) =
1√
2
(w¯, 1,−i,−w¯) , ǫ+µ (q) =
1√
2
(w, 1, i,−w) , (60)
ǫ−z (q) =
√
2 r
z¯(w¯ − z¯)
(1 + zz¯)2
, ǫ+z (q) =
√
2 r
1 + z¯w
(1 + zz¯)2
,
ǫ−z¯ (q) =
√
2 r
1 + zw¯
(1 + zz¯)2
, ǫ+z¯ (q) =
√
2 r
z(w − z)
(1 + zz¯)2
.
(61)
We are assuming here that all the momenta appearing in (57) are massless. When q =
(1, 0, 0, 1), the polarization tensors are ǫ± = 1√
2
(0, 1,±i, 0). We can also notice that when ~q
is aligned with ~x = r
(
z+z¯
1+zz¯ , i
z−z¯
1+zz¯ ,
1−zz¯
1+zz¯
)
, ǫ−z and ǫ
+
z¯ vanish.
Writing now Mn(p1, . . . , pn) = 〈out|in〉, and M±n+1(p1, . . . , pn, q) = 〈out|a∓(−q)|in〉,4 we
can re-express (57) for a negative-helicity graviton as
〈out| lim
Eq→0
Eq a+(−q)|in〉 = (1 + ww¯)
n∑
k=1
Ek
w − wk
w¯k − w¯
1 + wkw¯k
〈out|in〉 . (62)
With the benefit of knowing what we will find below, let us differentiate this result, times
γww¯, with respect to w¯. We obtain
∂w¯
[
γww¯ lim
Eq→0
〈out|Eq a+(−q)|in〉
]
= −γww¯
n∑
k=1
1 +ww¯k
1 + wkw¯k
Ek
w −wk limEq→0〈out|in〉 . (63)
This equation is exactly what we obtain when we plug (54) in the Ward identity (3). Let
us show it explicitly for the out charges (the in charges can be worked out analogously by
repeating all the construction at past null infinity):
In the first place we extract the linear and non-linear pieces out of (54). We also unfold
the ð-derivatives in terms of partial derivatives, in order to later perform integrations by parts
more easily. Also, since we are focusing only on the negative-helicity component of the soft
graviton theorem it is enough to keep the “holomorphic half” of the charge. This gives us
Q
(0)
NL =
∫
dudzdz¯ f ∂u ∂z¯ γ
−1
zz¯ ∂z¯ γzz¯σ
0 , (64)
Q
(0)
L =
1
4
∫
dudzdz¯ γzz¯ f(z, z¯)T
0
uu , (65)
where we should understand that the derivatives act on everything to their right. In order to
find out how the non-linear piece acts on asymptotic states we must express σ0 in terms of
harmonic oscillators. We can simply use the expression found in [16].5 In our units, we get
σ0(u, z, z¯) =
i
8π2
∫ ∞
0
dEq
[
a+(Eqxˆ)e
−iEqu − a†−(Eqxˆ)eiEqu
]
, (66)
4 We are using crossing symmetry 〈out|a∓(−q) = (a
†
±(q)|out〉)
†.
5 Comparing equation (2.1) in [16] with our hzz = 2γzz¯σ
0(u, z, z¯)r +
Ψ¯0
0
(u,z,z¯)γzz¯
3r
+ O(r−2), we see that
Czz = 2γzz¯σ¯
0.
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where xˆ is the unit vector pointing to the point (z, z¯) on the sky. Because (66) has the form
of a Fourier transform, we recall the following relation that will be useful below. Defining the
Fourier transform through F (u) =
∫∞
−∞ du e
iEuF˜ (E), we have that∫ ∞
−∞
du∂uF (u) = 2πi lim
E→0
[
EF˜ (E)
]
=⇒∫ ∞
−∞
du∂uσ¯
0 = − 1
8π
lim
Eq→0
[
Eq
(
a+(−Eqxˆ)− a†−(Eqxˆ)
)]
. (67)
Regarding the linear piece, its action on asymptotic states is defined through canonical bound-
ary commutation relations for the matter field [43]. More precisely, we have a boundary
massless complex scalar φ(u, z, z¯) (cf. equation (98)), satisfying
[φ¯(u, z, z¯), φ(u′, w, w¯)] = iγ−1ww¯ Θ(u
′ − u)δ(z − w) . (68)
From here, the following two commutation relations follow for the momentum-space field
φ˜(E,w, w¯) =
∫
du eiuEφ(u,w, w¯):
[
∂uφ¯, φ˜
]
= −iγ−1zz¯ δ(z − w)eiuE ,
[
∂zφ¯, φ˜
]
= −∂z
(
γ−1zz¯ δ(z − w)
) eiuE
E
. (69)
Although T 0uu contains arbitrary integration constants (cf. equation (99)), we can see in (54)
that they drop out from the charge. Therefore, we have now spelled out all the ingredients
needed to compute the action of the charges (64) and (65) on our asymptotic states. The
only thing left to specify is our choice for the supertranslation f(z, z¯). As for the soft photon
theorem, the preferred choice is [16]
f(z, z¯) =
1
w − z , (70)
where w is identified with the direction on the sky of a soft graviton with negative helicity (the
supertranslation for a positive-helicity one would be just the complex conjugate). Combining
all the ingredients we have just explained, we can immediately obtain:
〈out|Q(0)NL|in〉 = −
1
4γww¯
∂w¯
[
γww¯ lim
Eq→0
〈out|Eq a+(−q)|in〉
]
, (71)
〈out|Q(0)L |in〉 = −
1
4
Ek
w − wk
lim
Eq→0
〈out|in〉 . (72)
From the Ward identity (3), the form of the soft theorem that we get is
∂w¯
[
γww¯ lim
Eq→0
∂Eq〈out|Eq a+(−q)|in〉
]
= −γww¯
n∑
k=1
Ek
w − wk limEq→0〈out|in〉 . (73)
Although this looks superficially different from (63), the two expressions are exactly the same.
One just needs to manipulate 1+ww¯k1+wkw¯k = 1 +
w¯k(w−wk)
1+wkw¯k
, and take into account from (59) that
some components of the momentum conservation condition can be combined as
n∑
k=1
(
p(k)1 − ip(k)2
)
=
n∑
k=1
Ekw¯k
1 + wkw¯k
= 0 . (74)
Up to here, we have just simply re-derived the results already presented in [16]. The good
thing is that following the steps above for the sub-leading charges (55) and (56), by essentially
the same price we are going to obtain the sub- and sub-sub-leading soft graviton theorems.
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3.2 Sub-leading order
Let us mimic the steps taken in the previous subsection. We start by stating the sub-leading
soft graviton theorem:
lim
Eq→0
∂EqEqM
±
n+1(p1, . . . , pn, q) =
n∑
k=1
ǫ± · pk ǫ±µ qν Jµνk
pk · q Mn(p1, . . . , pn) . (75)
where we have again used ǫ±µν(q) = ǫ±µ (q)ǫ±ν (q), and we should keep in mind that the right-
hand side does not depend on Eq, although q appears in there (the sub-leading soft factor
just keeps information of the direction in which the graviton is taken soft). The angular
momentum operator Jµν , acting on scalar particles, reads as:6
J
µν
k = p
µ
k
∂
∂pk ν
− p νk
∂
∂pk µ
. (76)
Now we translate (75) to null coordinates using (58)-(61):
lim
Eq→0
∂Eq〈out|Eq a−(−q)|in〉 =
n∑
k=1
(
1 + w w¯k
1 + wkw¯k
w − wk
w¯ − w¯kEk∂Ek +
(w −wk)2
w¯ − w¯k ∂wk
)
〈out|in〉 .
(77)
Again with the benefit of hindsight, we have specified to a positive-helicity soft graviton, as
this will be the natural choice associated to (70). The flip of helicity is not surprising as it was
already encountered in the soft photon case [1]. In there we also observed that the sub-leading
order was naturally recovered from the sub-leading charge with two extra covariant derivatives
respect to the leading order. It is then natural to act with three covariant derivatives on (77).
In terms of partial derivatives, that is
∂w γ
−1
ww¯∂w γ
−1
ww¯∂w
[
γww¯ lim
Eq→0
∂Eq〈out|Eq a−(−q)|in〉
]
=
2π
n∑
k=1
(
−γ−1k (∂wkδ (w − wk))Ek∂Ek + 2γk δ(w − wk)∂wk
)
〈out|in〉 , (78)
where we are denoting γk ≡ γwkw¯k to avoid notation cluttering. To derive this formula above
we needed to transform some w-derivatives into wk-derivatives. This must be done with care
because of the delta functions appearing.7 Equation (78) is what we expect to obtain when
we plug the sub-leading charge (55) in (3). To see that in detail, let us extract the relevant
linear and non-linear pieces of (55):
−Q(1)NL =
1
3
∫
dudzdz¯ (∂z∂z¯f)u∂uγ
−1
zz¯ ∂zγ
−1
zz¯ ∂zγzz¯σ
0 , (79)
−Q(1)L =
1
6
∫
dudzdz¯
[
u
2
(∂z∂z¯f)T
0
uu + (∂z¯f)T
0
uz
]
. (80)
6 For massless particles in four dimensions, it is more convenient to write the angular momentum in helicity-
spinor form. In this language, the corresponding soft factors can be found for instance in [19].
7 One should use that f(x)∂xδ(x−y) = −f(y)∂yδ(x−y)−f
′(y)δ(x−y). More generally, if Oz is an operator
made of n complex derivatives (say ∂z, ∂z¯), then f(z)Oz [δ(z − w)] = (−1)
nOw[f(w)δ(z − w)].
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To work out the action of the non-linear piece, this time it is convenient to use the following
Fourier relation:∫ ∞
−∞
duu∂uF (u) = −2π lim
E→0
[
∂E
(
EF˜ (E)
)]
=⇒∫ ∞
−∞
duu∂uσ
0 =
i
16π
lim
Eq→0
[
∂Eq Eq
(
a−(−Eqxˆ)− a†+(Eqxˆ)
)]
. (81)
Then, for the choice (70), integrating once by parts we clearly obtain
〈out|Q(1)NL|in〉 =
i
12
∂wγ
−1
ww¯∂wγ
−1
ww¯∂w
[
γww¯ lim
Eq→0
∂Eq〈out|Eq a−(−q)|in〉
]
. (82)
For the linear piece of the sub-leading piece, taking into account that again the integration
constants present in the modified stress-energy tensor (99) disappear in the charge (as we can
see in (55)), and using the relations (69) we immediately get
1
12
∫
dudzdz¯ u (∂z∂z¯f)
[
T 0uu, φ˜k
]
= − i π
6
γ−1k (∂wkδ(w − wk)) (1 + Ek∂Ek) φ˜k , (83)∫
dudzdz¯ (∂z¯f)
[
T 0uz, φ˜k
]
=
i π
6
(
γ−1k (∂wkδ(w − wk)) + 2γ−1k δ(w − wk)∂wk
)
φ˜k , (84)
where φ˜k = φ˜(Ek, wk, w¯k). It is straightforward to see that we nicely obtain (78) when we
combine (82)-(84) following (3).
3.3 Sub-sub-leading order
After having recovered the sub-leading soft graviton theorem from the charge (55), it is not
too surprising that we can also recover the sub-sub-leading one from the charge (56). Still, it
is very pleasing to see it explicitly as all the factors have to conspire properly. Let us show it
here. At tree level in Einstein-Hilbert gravity we have
lim
Eq→0
∂2EqEqM
±
n+1(p1, . . . , pn, q) =
n∑
k=1
ǫ±µ ǫ±ν qρqσ J
ρµ
k J
σν
k
Eq pk · q
Mn(p1, . . . , pn) , (85)
where again we have used ǫ±µν(q) = ǫ±µ (q)ǫ±ν (q) and have deceivingly included Eq on the right-
hand side, which does actually not depend on it. The translation of (85) for a positive-helicity
soft graviton to position-space coordinates, using (58)-(61), yields
lim
Eq→0
∂2Eq〈out|Eq a−(−q)|in〉 =−
n∑
k=1
w¯ − w¯k
w − wk
1 + wkw¯k
1 + ww¯
[
(1 + w w¯k)
2
(1 + wkw¯k)2
Ek∂
2
Ek
+ 2(w − wk)
(
1 + w w¯k
1 + wkw¯k
∂2Ek,wk − E−1k ∂wk
)
+ (w − wk)2E−1k ∂2wk
]
〈out|in〉 .
(86)
Let us now judiciously take five derivatives on this expression.
γ−1ww¯∂w¯γww¯∂wγ
−1
ww¯∂wγ
−1
ww¯∂wγ
−1
ww¯∂w
[
γw〈out| lim
Eq→0
∂2EqEq a−(−q)|in〉
]
= 2π×
×
n∑
k=1
[ (
γ−1k ∂wkγ
−1
k ∂wkγww¯∂w¯kγ
−1
k δ(w − wk)
)
Ek∂
2
Ek
−4
(
γ−2k ∂wkγk∂w¯kγ
−1
k δ(w − wk)
)
∂Ek∂wk
+
6
Ek
(
γ−1k ∂w¯kγ
−1
k δ(w − wk)
)
∂2wk +
4
Ek
(
γ
− 1
2
k ∂wkγ
− 1
2
k ∂w¯kγ
−1
k δ(w − wk)
)
∂wk
]
〈out|in〉 , (87)
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In order to recover this expression from the sub-sub-leading charge (56), we first rewrite its
negative-helicity part in terms of partial derivatives. The result is a bit ugly, but practical:
Q
(2)
NL =
1
24
∫
dudzdz¯ u2∂u
(
∂zγ
−1
zz¯ ∂zγzz¯∂z¯γ
−1
zz¯ ∂z¯f
)(
γ−1zz¯ ∂zγ
−1
zz¯ ∂zγzz¯σ
0
)
, (88)
Q
(2)
L =
1
48
∫
dudzdz¯
[
u2
2
(
∂zγ
−1
zz¯ ∂zγzz¯∂z¯γ
−1
zz¯ ∂z¯f
)
T 0uu
+ 2u γ−1zz¯
(
∂zγzz¯∂z¯γ
−1
zz¯ ∂zf
)
T 0uz + 3
(
∂z¯γ
−1
zz¯ ∂z¯f
)
T 0zz
]
. (89)
The components of the boundary stress-energy tensor can be read from (99). Unlike for the
first two orders, leading and sub-leading, the integration constants Aµ do not cancel out in
the charge. In order to recover (85), we have to set them to zero. We believe these integration
constants might be related to loop corrections, as we briefly mention in the conclusions. Now
the sub-sub-leading charge is the same as the charge derived in [28]. This is well expected as
they both recover the sub-sub-leading soft graviton theorem (85) correctly.
Now let us work out the action of these charges on out states, starting with the non-linear
piece. For that, the relevant Fourier relation is now∫ ∞
−∞
duu2 ∂uF (u) = −2πi lim
E→0
[
∂2E
(
EF˜ (E)
)]
=⇒∫ ∞
−∞
duu2∂uσ
0 =
1
8π
lim
Eq→0
[
∂2Eq Eq
(
a−(−Eqxˆ)− a†+(Eqxˆ)
)]
. (90)
Simply inserting (70) in (88), and integrating thrice by parts we obtain:
〈out|Q(2)NL|in〉 =
1
96
γ−1ww¯∂w¯γww¯∂wγ
−1
ww¯∂wγ
−1
ww¯∂wγ
−1
ww¯∂w
[
γww¯ lim
Eq→0
∂2Eq〈out|Eq a−(−q)|in〉
]
.
(91)
Next we lay out the action of each of the three terms in the linear piece (89). From the one
containing T 0uu we get:
1
96
∫
dudzdz¯
(
∂zγ
−1
zz¯ ∂zγzz¯∂z¯γ
−1
zz¯ ∂z¯f
)
u2
[
T 0uu, φ˜k
]
= − π
48
(
γ−1k ∂wkγ
−1
k ∂wkγk∂w¯kγ
−1
k δ(w −wk)
) (
Ek∂
2
Ek
+ 2∂Ek
)
φ˜k , (92)
while the piece with T 0uz yields
1
24
∫
dudzdz¯
(
∂zγzz¯∂z¯γ
−1
zz¯ ∂z¯f
)
u
[
T 0uz, φ˜k
]
=
π
24
[
2
(
γ−2k ∂wkγk∂w¯kγ
−1
k δ(w − wk)
)
∂Ek∂wk
+
(
γ−1k ∂wkγ
−1
k ∂wkγk∂w¯kγ
−1
k δ(w − wk)
)
∂Ek+E
−1
k
(
γ−2k ∂wkγk∂w¯kγ
−1
k δ(w − wk)
)
∂wk
]
φ˜k , (93)
and finally
1
16
∫
dudzdz¯
(
∂z¯γ
−1
zz¯ ∂z¯f
) [
T 0zz, φ˜k
]
= − π
8Ek
[ (
γ−1k ∂w¯kγ
−1
k δ(w − wk)
)
∂2wk +
(
γ−1k ∂wk∂w¯kγ
−1
k δ(w − wk)
)
∂wk
]
φ˜k . (94)
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If we now combine in the Ward identity (3) equations (91) with (92)-(94), using 6γ−1k ∂wk −
2γ−2k ∂wkγk = 4γ
− 1
2
k ∂wkγ
− 1
2
k , we get exactly (87)!
4 Discussion
It is well established that the Ward identities associated to BMS supertranslations can be
recast as Weinberg’s leading soft graviton theorem [16]. In this paper we have shown detailedly
how BMS supertranslations are enough to reproduce the sub- and sub-sub-leading pieces of
the soft graviton theorem recently discovered at tree level. In order to do that, we have
argued that sub-leading orders (in the energy of the soft particle) in a soft theorem are in
correspondence with sub-leading orders (in the inverse radial coordinate 1
r
) of asymptotic
charges. This is an idea that we have already explored for the soft photon theorem in [1],
where we also successfully obtained the sub-leading order of the theorem from the large gauge
transformations that are behind the leading order. We believe that the present results on the
soft graviton theorem provide a critical check of the consistency of the picture we propose.
Let us comment on some aspects that may cross the reader’s mind. Maybe the most
glaring one is that the 1
r
expansion of the charge (46) goes much further than the sub-
sub-leading order, so that from the correspondence we propose one would naively expect to
discover soft graviton theorems beyond sub-sub-leading order. However, a careful look at
the details presented in Section 2.3 shows that this is not the case. In order to recover the
corresponding soft factors, the charges (54)-(56) are re-organized with several integrations by
parts. Those integrations can only be performed in the absence of boundary contributions,
which depends on the fall-off conditions at I+± . The boundary condition we impose in this
current work does not permit the desired arrangement of the charges beyond O(r−2). Hence,
as a symmetry at null infinity, the supertranslation is insufficient to yield universal properties
of soft emission beyond sub-sub-leading order. From a different point of view, we may see this
as the counterpart of the fact that gauge invariance only fixes three orders of soft emission in
terms of the non-radiative amplitude (see for instance [32]).
One may wonder if the sub-leading orders of the charge (46) can match the sub-leading
pieces of the standard expression for asymptotic conserved charge in [40] which does lead to
a sub-leading analysis in lower dimensional gravity [44] (see also [45]). A direct computation
shows that it is not the case. Alternatively, one can consider the soft theorem as a prescription
to define the charge uniquely. Nonetheless, it would be very meaningful to explore the physical
nature of the charge (46) elsewhere.
A more subtle point has to do with the observation that, at sub-sub-leading order (56),
our charge Q(2) is sensitive to the integration constants that naturally appear when shifting
the stress-energy tensor, as required by the consistency of our method. These integration
constants could a priori also appear in Q(0) and Q(1), but stunningly they do not. A similar
phenomenon was happening in the case of the soft photon theorem, with integration constants
involved in the shifted current showing up only at sub-leading order [1]. Since these are
precisely the orders at which the loop corrections enter the game, we suspect there could be
a connection between the two phenomena. A possible way of investigating this further would
be to consider non-minimal couplings of matter to gravitons (recently considered in [10]) from
the phase-space perspective of the current work, and see if the aforementioned integration
constants play a role there. We leave that for future investigation.
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A puzzling issue to which we do not have currently an answer is what is the fate of the
Virasoro algebra that comes with superrotations, and which would be presumably important
for recent attempts at flat-space holography [46]. It may be that the idea of associating
the Virasoro algebra of the would-be dual conformal field theory to that of superrotations is
simply too naive, and the way this algebra should be encoded is just more involved.
Finally, another direction of future research could be the following: Given that the picture
we are proposing for sub-leading orders of soft theorems seems to be consistent, an obvious
case for which such analysis is missing is that of Yang-Mills theory [47], where the connection
with asymptotic symmetries is actually richer. The leading soft theorem for single soft gluon
emission can be linked to certain large gauge transformations [18], similarly to its Abelian
analogue, Maxwell theory. Naively it is straightforward to extend to Yang-Mills theory our
proposal of connecting the sub-leading soft theorem to the sub-leading structure of null infinity,
given the fact that such connection was well established in the Abelian case [1]. However,
a very novel property of the soft theorem in the non-Abelian theory is that the soft factor
does not obey a simple factorization in multiple soft gluon emission even at the leading
piece [48], namely the soft factor does see the order of the gluons taken to be soft. Such
phenomenon is conjectured to be reflecting the structure of the symmetry group controlling
the soft theorem [49]. It would be very interesting to reveal those issues from the asymptotic
symmetry point of view concretely elsewhere [50].
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A Modification of the stress-energy tensor
The stress-energy tensor T˜ µν can be modified by a four-tensor Kµσνρ with the following
symmetries
Kµσνρ = −Kσµνρ , Kµσνρ = −Kµσρν Kµσνρ = Kνρµσ , (95)
which guarantee that the expression ∇µ∇νKµσνρ is conserved automatically and symmetric
in the indices σ and ρ. This last property follows from the fact that the connection is flat,
namely [∇µ,∇ν ] = 0. Hence, we can modify the stress tensor by
T µν = T˜ µν −∇σ∇ρKµσνρ . (96)
19
A simple, but not necessarily the only choice,8 of this K tensor to set T uα = 0, or equivalently
Trα = 0, would be
Kurrz = −1
r
∫ ∞
r
dr′
r′3
∫ ∞
r′
dr′′T˜ uzr′′4 − Az(u, z, z¯)
2r3γzz¯
,
Kurrz¯ = −1
r
∫ ∞
r
dr′
r′3
∫ ∞
r′
dr′′T˜ uz¯r′′4 − Az¯(u, z, z¯)
2r3γzz¯
,
Kurur =
1
r2
∫ ∞
r
dr′
∫ ∞
r′
dr′′T˜ uur′′2 − Ar(u, z, z¯)
r2
,
Krzrz¯ =
1
2r3γ2zz¯
∫ ∞
r
dr′
[
γzz¯r
′2T˜ ur − 3r∂z¯(γzz¯Kurrz¯)− 3r∂z(γzz¯Kurrz)
− r2∂z¯∂r(γzz¯Kurrz¯)− r2∂z∂r(γzz¯Kurrz) + γzz¯∂r(r2Kurrz)
]
− Au(u, z, z¯)
r3γzz¯
,
(97)
where Az(u, z, z¯), Az¯(u, z, z¯), Ar(u, z, z¯), Au(u, z, z¯) are arbitrary integration constants. The
remaining components of K are zero.
We are interested in coupling complex scalar matter to the gravitational theory. The
conservation law of the stress-energy tensor ∇µT˜ µν = 0 is guaranteed when the Klein-Gordon
equation is satisfied. The solution of those equations was well demonstrated in [11] as the first
example of the Bondi-Sachs framework. Once the initial data of the scalar fields are given in
series expansion of 1
r
,
Φ(u, r, z, z¯) =
φ(u, z, z¯)
r
+
∞∑
m=1
Φ(m)(u, z, z¯)
rm+1
,
Φ(u, r, z, z¯) =
φ(u, z, z¯)
r
+
∞∑
m=1
Φ
(m)
(u, z, z¯)
rm+1
.
(98)
the Klein-Gordon equation will yield the following results: φ and φ are news function reflecting
the radiative part of the fields and the time evolution of all Φ(m) terms will be controlled. The
stress-energy tensor of a complex scalar is
T˜uu = ∂uΦ ∂uΦ ,
T˜uz =
1
2
∂uΦ ∂zΦ+
1
2
∂uΦ ∂zΦ ,
T˜ 0zz = ∂zΦ∂zΦ .
By implementing (96) with the precise choice of K in (97), the leading piece of the modified
stress-energy tensor is obtained as:
T 0uu = ∂uφ∂uφ+ 2∂uAu + ∂
2
uAr ,
T 0uz = ∂uAz¯ − ∂zAu −
1
2
φ∂u∂zφ− 1
2
φ∂u∂zφ ,
T 0zz = ∂zφ∂zφ .
(99)
8 Although the choice of shift is not unique, the leading order of the any shifted stress-energy momentum
satisfying Trα = 0 has always the same form.
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B Spin-weighted derivative operators
The definitions of ð and ð on a field η with spin weight s are
ðη = γ
s−1
2
zz¯ ∂z¯(ηγ
− s
2
zz¯ ) , ðη = γ
−s−1
2
zz¯ ∂z(ηγ
s
2
zz¯) , (100)
and the spin weight of the relevant fields can be found in Table 1. Notice that ð (ð) increases
Table 1: Spin weights
σ0 σ˙0 Ψ03 Ψ
0
2 Ψ
0
1 Ψ
0
0 Ψ
(m)
0 Y
s 2 2 −1 0 1 2 2 −1
(decreases) the spin weight. These two derivative operators do not commute in general. The
commutation relation is
[ð,ð]η = sη , (101)
where s is the spin weight of the field η. The actions of ð and ð on the spherical harmonics
Yl,m (l = 0, 1, 2, . . . ; m = −l, . . . , l) are very useful for calculations on the sphere. Spin s
spherical harmonics are defined as
sYl,m =


√
(l − s)!
2(l + s)!
ðsYl,m (0 ≤ s ≤ l)
(−1)s
√
(l + s)!
2(l − s)! ð
−s
Yl,m (−l ≤ s ≤ 0)
. (102)
From there, one can find that∫
dzdz¯ γzz¯ sYl,m ð
l−s+1η = 0 ,
∫
dzdz¯ γzz¯ sY¯l,m ð
l−s+1
ζ = 0 ,
ððsYl,m = −1
2
(l − s)(l + s+ 1)sYl,m ,
∫
dzdz¯ γzz¯ AðB = −
∫
dzdz¯ γzz¯ BðA .
(103)
where η and ζ have spin weight −l− 1 and l+1 respectively, and the expression AðB should
have spin weight zero.
C Newman-Penrose charges
We briefly review the main results of the linearized gravitational theory part in [37] in this
appendix. The Newman-Penrose (first-order) formalism [51] was used in that work. The
Newman-Penrose equations yield the following relations:
∂uΨ
0
2 = −ðΨ03 ,
∂uΨ
0
1 = −ðΨ02 ,
∂uΨ
0
0 = −ðΨ01 ,
(n+ 1)∂uΨ
n+1
0 = −
(
ðð+ (n+ 5)n
)
Ψn0 (n > 0) .
(104)
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The first equation of (104) leads to the conservation of mass
∂u
∫
dzdz¯ γzz¯ 0Y0,0Ψ
0
2 = −
∫
dzdz¯ γzz¯ 0Y0,0 ðΨ
0
3 = 0 , (105)
where the relations in (103) have been used. The novel discovery of [37] was the infinite
amount of new conservation laws from the last equation of (104), namely
(n+ 1)∂u
∫
dzdz¯ γzz¯ 2Yn−k+2,mΨn+10 = −
∫
dzdz¯ γzz¯ 2Yn−k+2,m
(
ðð+ (n+ 5)n
)
Ψn0
= −
∫
dzdz¯ γzz¯ 2Yn−k+2,m k(2n − k + 5)Ψn0 ,
(106)
whence
∂u
∫
dzdz¯ γzz¯ 2Yn+2,mΨ
n+1
0 = 0 . (107)
Meanwhile the second and third equations of (104) can only induce identically vanishing
quantities
∂u
∫
dzdz¯ γzz¯ 0Y0,0 ðΨ
0
1 = −
∫
dzdz¯ γzz¯ 0Y0,0 ððΨ
0
2 = 0 , (108)
∂u
∫
dzdz¯ γzz¯ 0Y0,0 ð
2
Ψ00 = −
∫
dzdz¯ γzz¯ 0Y0,0 ð
2
ðΨ01 = 0 . (109)
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